The one-dimensional nonlinear telegraph equation is studied within the framework of semigroups. This accommodates operator forcing, allowing for the incorporation of concurrent physical processes. The solution is constrained, above a threshold value zero. The initial state is assumed quiescent, and homogeneous boundary values are assumed. It is shown that, for every value above the threshold, there is a time interval J such that the system moves from the initial state to a corresponding admissible state. The forcing is assumed operator continuous, not operator Lipschitz continuous, which imposes technical issues for the application of fixed point theorems.
Introduction.
The nonlinear telegraph equation, also characterized as the damped wave equation, has assumed renewed importance in recent years because of its connection to unresolved special cases in MEMS modeling [14] (see Table 1 , p. 472, γ > 0, β = 0). In the cited application, the forcing is the result of a complex physical process involving elastic/electrostatic interactions, and is best described via operator composition. Also, the wave motion tracked by the model is constrained to avoid 'touchdown'. The present article does not resolve the special case cited, but uses it as a benchmark example of a more general interpretation of the telegraph equation, which has been extensively studied (cf. [4, 6, 8, 10, 15] ), often in tandem with related equations such as the Klein-Gordon equation. For a pedagogical introduction to the telegraph equation, cf. [17] . Its derivation dates to the 1880s, when it was derived by Heaviside to describe attenuated electrical transmission.
In this article, we consider the following constrained initial/boundary-value problem. I = (−1, 1) represents the spatial domain. The system considered is given as follows, where subscripts represent (partial) derivatives with respect to the indicated variables.
u tt = −νu t + κu xx + F (u), u(−1, t) = u(1, t) = 0, t > 0, u(0, x) = u t (0, x) = 0, x ∈ I, inf x∈I G(u) > 0.
Here, ν and κ are positive physical constants. u depends on the physical context, and may represent membrane deflection, voltage, etc. The hypotheses for the operator F (u) and the constraint inf I G(u) > 0 are discussed in Definition 3.1. and C(Ī), resp. We interpret the solution of (1) as follows. Any solution of this system, for which inf I G(u) > 0, represents an admissible state. The main result of this article (Theorem 4.1) is the demonstration of the existence of weak solutions, which attain given super-threshold values. The time interval depends upon the given value. The proof identifies an infinitesimal generator U and a continuous semigroup T (t). Because F is assumed operator continuous, and not Lipschitz continuous, we employ a modal approximation procedure, using approximate solutions in the domain of U . The limiting procedure gives rise to a weak solution limit.
Preliminaries
We discuss an explicit construction of the semigroup associated with the linear part of the equation in (1) . Although this equation is well understood, we will develop special features necessary for the analysis given here. The semigroup T (t) will initially be defined on a Hilbert space H. Much is known about the norm of T (t) on this space. For example, the decay of the semigroup norm in this case is derived in a more general setting in the celebrated paper [18] , and is currently under study by many mathematicians. We are particularly interested here in solutions contained in the domain D(U ) of the semigroup generator. Instrumental to this is the study of the norm of T (t) when restricted to this smoother space. This distinction assumes especial importance in the work of Kato [12, Ch. 6] in his construction of the evolution operator.
After a standard definition, we will concisely state and derive the required results. We will make extensive use of parts (2,3) of Proposition 2.1.
Define v = u t , and
Here I represents the identity. Then the equation,
is a standard equivalent representation of u tt = −νu t + κu xx . In order to position this in an operator framework, we retain the notation I = (−1, 1), and formulate the following definitions.
We shall employ an equivalent norm on H 1 0 (I) by utilizing the inner product:
For elements
given by the sum,
We employ the notation D(U ) for the first components of the elements of D(U ). The corresponding inner product is defined by the truncation of (4):
For clarity, throughout section two we will use vector notation to represent the components in the Cartesian products which represent H and D(U ). Throughout the remainder of the article, for X a Banach space, and J a closed time interval, C(J, X) is the usual Banach space with norm u C(J,X) := max t∈J u(t) X .
The following proposition contains the results needed for the subsequent sections.
Proposition 2.1. U is a closed linear operator in H. The following properties hold.
1. The resolvent set of U satisfies ρ(U ) ⊃ {λ : Re λ > θ}, where, for
In particular, the imaginary axis is contained in ρ(U ).
U is the generator of a contraction semigroup T (t). Suppose
is in C(J, D(U )) and satisfies the initial value problem,
T (t) D(U)
, defined with respect to D(U ), decays to zero as t → ∞. In particular, there is a number ω such that this norm satisfies
Proof. The property that U is closed follows routinely from the definitions. If
then we conclude directly that v = w and the L 2 limit of κu ′′ n is z + νw. From this relation, we conclude that u ′ has an L 2 derivative, so that
It follows that U is closed. To prove statement (1), suppose that Re λ > θ, and consider the formal system,
Since λ is permitted to be complex, for this part of the proof we interpret H and D(U ) as complex Hilbert spaces. We show that λI − U is an algebraic isomorphism from D(U ) to H, i.e. , the formal system is uniquely solvable. By using the definition of U , we see that v = λu − w, provided u is determined. This means that the following differential equation, with homogeneous boundary values, must determine a unique solution u in H 2 (I)∩H 1 0 (I): −κu ′′ +λ(λ+ν)u = z + (λ + ν)w, for this pair w, z. Now the spectrum of the self-adjoint operator −κ(d/dx) 2 consists of the eigenvalues κn 2 π 2 , n = 1, 2, . . . , so that the product −λ(λ + ν) must exclude these numbers. A calculation, based upon proof by contradiction, shows that this is achieved for Re λ > θ. We conclude that λI −U is surjective and injective from D(U ) to H. It is, by the definition of norms, a bounded linear operator between these spaces. Its algebraic inverse, R(λ, U ), is a bounded linear operator, as follows from the open mapping theorem. Indeed, a bound on the D(U ) norm, which dominates the H norm, is obtained.
We now prove part (2), and operate within real Hilbert spaces. We verify that the resolvent of U , R(λ, U ), satisfies the norm inequality in H,
The Hille-Yosida theorem [7] then implies that U generates a contraction semigroup. To establish (9) , it is sufficient to show that the inner products (U f, f ) = (f, U f ) are nonpositive, as is seen by expanding the square of the H-norms of both sides of λf − U f = g. Now we compute, for f = u v ,
After integration by parts, the rhs reduces to −ν(v, v) L 2 , which is nonpositive. Note that the cancelation involved here depends on the equivalent norm introduced in (3). The statement that (7) is well defined and provides a solution of (8) depends fundamentally on the characterization of D(U ) in terms of the limit of difference quotients of T (t). The result follows by direct computation. The details of the computation may be found in [12, Section 6.4] , in the general case of the evolution operator U(t, s). For the current result, U(t, s) = T (t − s).
To establish part (3), we use the lemma cited at the conclusion of the proof, in conjunction with part (1). This concludes the proof.
The following lemma is quoted from [20, Theorem 3] .
At on a Banach space X with (unbounded) generator A satisfies
if and only if the imaginary axis is in the resolvent set of A: iR ⊂ ρ(A).
An equivalent form of this result was obtained earlier in [3] . The special case of this result for λ = 0 was obtained in [1, 2] and [21] .
Fourier Projections: Approximate Problems
Recall the notation I = (−1, 1). We make the following additional assumptions.
• F is locally bounded: ∀C > 0, and B = {u ∈ D(U ) : u D(U) ≤ C}, there is a constant c = c(C) such that
• F satisfies a closure property: For any sequence {u n } ⊂ D(U ):
Also, we assume that G :
The reduced assumption of continuity on F seems to exclude the application of standard fixed point theorems in the space C(J, H). Ultimately, we will look for strong solutions of approximate problems, defined via Fourier projection operators. 
and write P n for the projection in C(J, H 1 0 (I)) onto P n .
A direct implementation of the definition shows that Q n u has the same formal representation as the L 2 (I) projection. Furthermore, as verified in [13] , P n is closed, P n = P 2 n is a standard projection, and P n can be interpreted, for each fixed t ∈ J, as the orthogonal projection Q n onto M n .
The unconstrained equation with projection
For a given operator F = F (u), satisfying Definition 3.1, consider the system,
where P n is defined in Definition 3.2 Definition 3.3. Suppose that F is described in Definition 3.1 and suppose C > 0 is fixed. For ω defined in Proposition 2.1, we define the terminal time T 0 as
and set J = [0, T 0 ]. Suppose that B ⊂ C(J, H 1 0 (I)) is a given closed ball of radius c, centered at 0, and set B n = B ∩ P n . A mapping K : B n → C(J, H 1 0 (I)) is defined as follows. Suppose z ∈ B n . Define V via (7), with F 1 = (0, z) and F 0 = (0, 0). If u denotes the first component of V , define v(t) = F (u(t)). Then the mapping K is defined by z → P n v: K(z) = P n v.
Lemma 3.1. The mapping K is invariant on B n if T 0 is the time given by (11).
Proof. Given z, and F 0 , F 1 as in Definition 3.3, we use (7) in the form,
which is estimated in the norm of C(J, D(U )) by the product T 0 ωc. Note that we have made use of Proposition 2.1. It follows that the first component u(t) of V (t) satisfies u C(J,D(U)) ≤ C, so that for v = P n F (u) we have v C(J,H 1 0 ) ≤ c. By the definition of K, we conclude that K acts invariantly on B n .
We now establish the properties required to verify that K is a compact mapping. 1. There is a fixed set C ⊂ H 1 0 (I), with compact closure, such that, for each t ∈ J, {Kz(t) : z ∈ B n } ⊂ C.
2. The set KB n is equicontinuous in C(J, H 1 0 (I)). This means that, given ǫ > 0, there is δ = δ(ǫ, C, n), such that, ∀t 1 , t 2 ∈ J, and z ∈ B n ,
The verification of property (1) is immediate; take C to be the closed ball in M n of radius c.
The verification of property (2) requires the preliminary observation that the family u(t), occurring in the definition of K, is equicontinuous. This follows immediately from (12) . Moreover, this family has range in M n , for each t. This can be verified by a standard separation of variables argument in conjunction with (12); we provide this at the conclusion of the proof. It follows that the family F (u(t)) is equicontinuous, since F is uniformly continuous on an appropriate compact subset of M n . Composition with P n preserves the stated equicontinuity.
We now consider the range of u(t), which is constructed from the integral in (12) , where F 1 = (0, z), z ∈ B n . Linearity of the semigroup T allows us to examine the action of T (t) on (0, φ n ). We observe that the separated solutions of u tt = −νu t + κu xx fall into three categories, depending on the expression 4n 2 π 2 κ − ν 2 .
4n
2 π 2 κ − ν 2 > 0. In this case, the separated solutions are of the form, (aC n (t) + bS n (t))φ n (x), where C n (t) := exp(−(ν/2)t) cos(ω n t), S n (t) := exp(−(ν/2)t) sin(ω n t),
2. 4n 2 π 2 κ − ν 2 = 0. In this case, the separated solutions are constructed by replacing C n and S n by c n and s n , where c n (t) := exp(−(ν/2)t), s n (t) := t exp(−(ν/2)t).
2 π 2 κ − ν 2 < 0. Here, the replacements are D n and E n , where
Here,
We can construct the action of T (t) on (0, φ n ) by using the properties
In all three cases, since formula (12) involves integration in the variable t, we conclude that the first component u is a function from J to M n .
We will use the Schauder fixed point theorem in the following form [9] .
Proof. The hypotheses of the Schauder fixed point theorem are satisfied regarding the mapping K : B n → B n . Specifically, we have shown that K is compact. The continuity of K follows from (12), combined with the continuity of F . In particular, there is a fixed point for K, which coincides with a solution of (10).
The final result of this section justifies the use of the Fourier projection.
Lemma 3.4. Suppose that {h n } is a sequence which is bounded in C(J, H 1 0 (I)), and convergent in C(J, L 2 (I)) to a function h. Then P n h n → h, n → ∞.
Proof. Suppose that b is a bound for h n in C(J, H 1 0 (I)). For each fixed t, consider the self-adjoint operator
, and the ellipsoid in L 2 (I) defined by
Then the L 2 (I) n-width of R(t) is attained by the subspace M n for each fixed t [11] , so that, by closure, this holds true for the widths d n of the closed H 1 0 (I)-ball of radius b. The latter are directly computable [11] in terms of the eigenvalues of R:
The result follows from the triangle inequality..
The constrained equation with projection
We now add the constraint to the system (10). We have: Theorem 3.1. Suppose that G is given as in Definition 3.1. Suppose, by the assumed continuity, that C > 0 is selected so that inf I G(u) ≥ α > 0, u ∈ B. Then the solution identified in Corollary 3.1 satisfies (10) and the additional condition that inf I G(u) ≥ α > 0, t ≤ T 0 .
Proof. The result follows from the selection of C and the corollary. Note that C does not depend on n. 2. The initial conditions are satisfied:
Then we say that there exists a weak local solution for the system (1).
Theorem 4.1. There exists a weak local solution satisfying Definition 4.1.
Proof. We consider the family {u n } of solutions of the approximate problems described in Theorem 3.1. The sequence constructed from this family and its time derivative is bounded in D(U ) and satisfies the hypotheses of [5, Prop. 1.1.2] where X of [5] is identified with D(U ) and Y of [5] is identified with the Hilbert space H. The assumed equicontinuity of the sequence relative to the metric in H follows directly from the fundamental theorem of calculus applied to the integral representation of the D(U )-bounded sequence. We may conclude the existence of a pair (u, u t ) satisfying (1) of Definition 4.1. Furthermore, this pair is the weak limit in D(U ), uniformly in time, of a subsequence, say, {u n k } and the corresponding time derivatives, and the strong limit in H. We may select the subsequence so that {F (u n k )} is convergent in L 2 (I). Consider the weak relations satisfied by the approximate solutions, which follow directly from the strong solution definition:
By taking limits in (13) , and using Lemma 3.4, together with the closure property of F , we obtain
The initial conditions follow from the continuity properties.
Concluding Remarks
We have analyzed an operator forcing for the nonlinear telegraph equation, which reflects recent studies of this equation, allowing for an intermediate or concurrent process. The forcing is continuous and bounded from the domain of the generator of the linear part into H 1 0 . Although some of the results of section two can be extended to the multidimensional case, we have retained the one-dimensional framework throughout.
The assumed continuity, rather than uniform or Lipschitz continuity, imposes a technical hurdle, which is overcome by modal analysis. The semigroup is invariant on the individual modes, which is maintained by the convolution formula. This permits continuity to be extended to uniform continuity, and thus allows us to establish the equicontinuity, necessary for operator fixed point compactness.
The semigroup format fits nicely with the constraint imposed on the model. The initial quiescent state satisfies the constraint, and the system evolves according to a time selected to maintain an admissible state.
Although the operator case for forcing has been emphasized, the standard example of a smooth real-valued function, vanishing at the origin, is included. In particular, arbitrary monomial functions are included. Even rapid growth functions, such as sinh(u), are included. However, the principal application envisioned is the case where u is the input to a model, such as a boundary value problem, and F (u) is the output. This is the case in [14] ; however, in this application, F is continuous only into H σ (I), for 0 ≤ σ < 1/2. Existence and related questions remain open in this case. For this case, the constraint is readily handled by the choice G(u) = 1 + u.
In this article, uniqueness is not established, either for the approximate solutions or for the weak solutions. However, as required in the first part of Definition 4.1, the regularity class for the weak solution and its time derivative is the same as for the strong solution.
